
534: Topics in game theory Week 1
Screening

Updated July 26, 2021.

Preliminary and incomplete.

Thanks to 534 Fall 2020 students for proofreading! (Remaining errors are mine.)

We start with an overview. I suggest you come back to it at the end of the class.

Source(s): This lecture is based heavily on Borgers chapter 1 and 2 [Börgers, 2015].

In this class we study topics on the economics of information. We start with screening.
Screening is about the design of incentives for a single agent. There is hidden information,
but no hidden action. We start with a canonical application: selling a single product.

1 Screening: Selling single product

The setting A monopolist seller has a single product to sell. There is a single buyer. The
seller’s cost for the product is zero (this is for simplicity). So the seller’s goal is to maximize
expected revenue. Buyer’s utility is θ − t, where θ ≥ 0 is buyer’s valuation, and t is the
transfer to the seller. Importantly, θ is known to buyer, not seller. We sometimes refer to it
as the buyer’s “type”. The seller has a subjective probability distribution with c.d.f F and
p.d.f f . f(θ) > 0 for all θ ∈ [θ, θ̄].

How should the seller sell the product? One strategy is to offer the product at price p. What
is the optimal price p? The seller’s expected revenue is p(1− F (p)). So the best price is the
one that maximizes p(1− F (p)).

Can the seller do better? A “mechanism” is an extensive form game (in this example really
an extensive-form single-agent decision problem) with terminal histories that specify whether
or not the buyer gets the product, and how much she pays. Given a mechanism, the buyer
has single-agent decision problem. So she will choose a strategy that maximizes her payoff.

We assume that the buyer can decide to not participate in the mechanism. That is, for every
type θ, the utility maximizing strategy gives buyer non-negative expected utility. We call
such a mechanism individually rational (IR).
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The problem is: find a revenue maximizing extensive form game, subject to IR, and assuming
that buyer’s strategy is optimal. The problem looks very hard since we want to optimaize
over the very large class of all mechanisms. The revelation principle simplifies the task. It
says that we can focus on “direct incentive compatible mechanisms”, defined below.

Definition 1.1 A direct mechanism is a pair of functions, an “allocation rule” q : [θ, θ̄] →
[0, 1], and a “transfer rule” t : [θ, θ̄] → R. q(θ) specifies the probability by which the buyer
who reports θ receives the product, and t(θ) specifies how much she pays.

In a direct mechanism, buyer submits a bid θ′, and gets the product with probability q(θ′)
and transfers t(θ′) to the mechanism. The buyer’s strategy σ maps each value θ to a bid
σ(θ) ∈ [θ, θ̄].

Revelation principle: for every mechanism Γ and every optimal strategy σ, there exists
direct mechanism Γ′ and optimal strategy σ′ in Γ′ such that

• σ′ is “truth telling”: σ′(θ) = θ.

• ∀θ, probability and payment in Γ when the buyer plays σ is the same as in Γ′ when
the buyer plays σ′.

Proof: Idea: In the direct mechanism, we can ask the buyer to report a bid, and then the
allocation and transfer would be equal to those in Γ when the buyer plays σ. That is, the
direct mechanism “simulates” what would happen in Γ and under strategy σ.

More formally, let q(θ) be the probability that the buyer receives the product if she follows
strategy σ in mechanism Γ. Also let t(θ) be the expected payment of the buyer if she follows
strategy σ in mechanism Γ. So if the buyer’s type is θ, her (expected) payoff of following
strategy σ is

θq(θ)− t(θ),
and her payoff of following strategy σ′ is

θq(θ′)− t(θ′)
Since strategy σ is optimal in mechanism Γ, we have

θq(θ)− t(θ) ≥ θq(θ′)− t(θ′).

Now consider a direct mechanism defined by allocation rule q and transfer rule t, and consider
the truth telling strategy σ′. If the buyer’s type is θ, then reporting θ gives a weakly higher
payoff than any other report θ′,

θq(θ)− t(θ) ≥ θq(θ′)− t(θ′),
And therefore σ′ is optimal. In the direct mechanism when the buyer plays σ′, the allocation
probability and the expected transfer are (q, t), as claimed. QED

Definition 1.2 Direct mechanism “incentive compatible” if θq(θ)− t(θ) ≥ θq(θ′)− t(θ′).
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Definition 1.3 Direct mechanism “individually rational” if θq(θ)− t(θ) ≥ 0.

We first derive necessary conditions for a mechanism to be incentive compatible. We later
show that these conditions are sufficient. Define the “indirect utility function” of a direct
mechanism to be u(θ) = θq(θ)− t(θ). Terminology: q increasing: q(θ) ≥ q(θ′),∀θ > θ′.

Proposition 1.1 If a direct mechanism is incentive compatible then q is increasing, u is
increasing and convex (hence differentiable almost everywhere) and u′(θ) = q(θ).

Proof: To see that q must be increasing, consider the incentive constraints for types θ and
θ′,

θq(θ)− t(θ) ≥ θq(θ′)− t(θ′)
θ′q(θ′)− t(θ′) ≥ θ′q(θ)− t(θ).

Adding them together, we have

(θ − θ′)(q(θ)− q(θ′)) ≥ 0.
Now suppose θ > θ′. Then θ− θ′ > 0. For the above expression to be non negative, we must
have q(θ)− q(θ′) ≥ 0. Therefore q is increasing.

Convex: for each θ, u(θ) is maximum of affine functions. In particular, incentive compati-
bility means that

u(θ) = max
θ′

θq(θ′)− t(θ′).
Consider θq(θ′)− t(θ′) as a function of θ for fixed θ′. It is increasing and linear. So u(θ) is a
maximum over increasing and linear functions evaluated at θ. So u is increasing and convex
(this is the envelope theorem).

Finally, by incentive compatibility:

u′(θ) = lim
δ→+0

u(θ + δ)− u(θ)

δ
≥ lim

δ→+0

((θ + δ)q(θ)− t(θ))− (θq(θ)− t(θ))
δ

= q(θ).

Similarly

u′(θ) = lim
δ→+0

u(θ)− u(θ − δ)
δ

≤ lim
δ→+0

(θq(θ)− t(θ))− ((θ − δ)q(θ)− t(θ))
δ

= q(θ).

So u′(θ) = q(θ). QED

The proposition above implies the following lemma. It is called payoff equivalence. It says
that any two incentive compatible mechanisms with the same allocation rule also induce the
same indirect utility function, up to a constant (this should be surprising, think about it).

Lemma 1.2 (Payoff equivalence) For any incentive compatible mechanism and type θ,

u(θ) = u(θ) +
∫ θ
θ
q(x)dx.
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Proof: Integrating u′(θ) = q(θ) from θ to θ, we have u(θ)− u(θ) =
∫ θ
θ
q(x)dx. QED

Another equivalent statement is the following, which is called revenue equivalence. It says
that any two incentive compatible mechanisms with the same allocation rule also have the
same transfer rule, up to a constant (this should be surprising, think about it).

Lemma 1.3 (Revenue equivalence) For any incentive compatible mechanism and type

θ, t(θ) = θq(θ)−
∫ θ
θ
q(x)dx− u(θ).

So we have said so far that the allocation rule of any incentive compatible mechanism must
be increasing, and the transfer rule is pinned down by the revenue equivalence lemma. The
following proposition shows that these two are also sufficient for incentive compatibility.

Proposition 1.4 A direct mechanism (q, t) is incentive-compatible if and only if

• q is increasing

• Revenue equivalence holds, i.e., t(θ) = θq(θ)−
∫ θ
θ
q(x)dx− u(θ).

Proof: We have already shown that the two properties are necessary. So now we verify
that the two properties together imply that the mechanism is incentive compatible. We do
so with pictures.

First suppose that type θ reports a higher type θ′ > θ. Since u(θ) appears on both sides,
it cancels off, so lets ignore it. The utility of type θ from reporting truthfully is on the left.
The utility of type θ from reporting θ′ > θ is on the right, which you can see is smaller.
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Now suppose that type θ reports a lower type θ′ < θ. The utility of type θ from reporting
truthfully is on the left. The utility of type θ from reporting θ′ < θ is on the right, which
you can see is smaller.

QED

So far we have completely characterized incentive compatibility. Next we characterize indi-
vidual rationality. It is easy.

Proposition 1.5 An incentive compatible direct mechanism is individually rational if and
only if u(θ) ≥ 0.

Proof: Since u is increasing. QED

In the optimal mechanism, we have u(θ) = 0. If u(θ) < 0, then individual rationality is
violated. If u(θ) > 0, then we can ask all types to pay more without violating individual
rationality.

So the problem is, to choose over all increasing q, one that maximizes the expectation of
t(θ) = θq(θ)−

∫ θ
θ
q(x)dx.

We now show what we claimed at the beginning: it is optimal to sell the product at a price
that maximizes p(1− F (p)). We do two proofs.

1.1 Proof 1: uses virtual values, requires “regularity”

Lemma 1.6 The expected revenue of any incentive compatible mechanism (q, t) is

Eθ[q(θ)(θ −
1− F (θ)

f(θ)
)]− u(θ).
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In what follows all integrals are from θ to θ̄ unless stated otherwise

Proof: (Proof Number 1) By revenue equivalence, expected revenue is

E[t(θ)] = E[θq(θ)−
∫ θ

q(x)dx]− u(θ)

=

∫
θq(θ)f(θ)dθ −

∫
(

∫ θ

q(x)dx)f(θ)dθ − u(θ)

=

∫
θq(θ)f(θ)dθ −

∫
q(θ)(1− F (θ))d(θ)− u(θ)

=

∫
q(θ)(θ − 1− F (θ)

f(θ)
)f(θ)d(θ)− u(θ),

where the third inequality followed from integration by parts:∫ θ̄

θ

u(θ)v′(θ)dθ = −
∫ θ̄

θ

u′(θ)v(θ) + u(θ)v(θ)|θ̄θ,

by setting u(θ) =
∫ θ
q(x)dx and v(θ) = 1− F (θ). QED

So given the above lemma, the problem is to maximize

Eθ[q(θ)(θ −
1− F (θ)

f(θ)
)]

over all increasing q. The following lemma provides the answer when the distribution of
types is “regular”.

Lemma 1.7 Assume that θ − 1−F (θ)
f(θ)

increasing. Let θ∗ satisfy θ∗ − 1−F (θ∗)
f(θ∗)

= 0. Optimal
mechanism is to post θ∗.

Proof: Relax monotonicity. QED

Note: θ∗ satisfies FOC of p(1− F (p)).

For example, with uniform distribution on [0, 1], we have f(θ) = 1 and F (θ) = θ. So

θ − 1−F (θ)
f(θ)

= 2θ − 1. So to maximize revenue, we should give the product to a type with
2θ − 1 ≥ 0, and not give the product to a type with 2θ − 1 < 0. That is, the buyer should
get the product when θ ≥ 1/2. Posting a price of 1/2 for the product does just that, and is
therefore optimal.

What if the distribution is not regular? The next proof does not need monotonicity and
does not use virtual values. Later we will see another proof that “irons” the virtual values.

1.2 Proof 2: mechanism = random price, no regularity

Proof: Take any IC direct mechanism (q, t) such that u(θ) = 0 (which we know must hold
for any optimal mechanism).
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Notice that since q is increasing, we can think of q : [θ, θ̄] → [0, 1] as a c.d.f. Consider an
indirect mechanism Γ that first draws a price p at random from c.d.f. q, and then offers it
as a take-it-or-leave-it offer to the buyer. It is optimal for the buyer to accept if and only
if p ≤ θ. This observation has two implications. First, the expected revenue of this indirect
mechanism is

Ep∼q[p(1− F (p))].
Second, the probability that the buyer with type θ receives the product is q(θ). Let the
expected transfer be t′(θ).

We now use the revelation principle. It says that the direct mechanism (q, t′) is incentive
compatible and has expected revenue Ep∼q[p(1− F (p))].

We now use revenue equivalence. The direct IC mechanisms (q, t) and (q, t′) have the same
expected revenue Ep∼q[p(1− F (p))].

To summarize: the expected revenue of any direct IC mechanism (q, t) such that u(θ) = 0 is
Ep∼q[p(1− F (p))].

So the problem is to find a c.d.f. q to maximize Ep∼q[p(1− F (p))]. It is optimal to choose a
price p that maximizes p(1− F (p)) with probability 1. QED

2 Nonlinear Pricing

Now consider a divisible good. Suppose producing q ≥ 0 units costs cq. Notice the different
interpretation: Whereas before we consider q ∈ [0, 1] to be the probability of allocation,
we now interpret q ≥ 0 as the number of units. Can you find another interpretation? See
[Mussa and Rosen, 1978].

Buyer’s utility θv(q)− t. v(0) = 0, v′(q) > 0, v′′(q) < 0. Seller knows v(·).

• Our single product problem is the case where v(q) = q, q ∈ [0, 1], and c = 0.

Assume θ̄v′(0) > c: Largest marginal willingness to pay more than marginal cost.

Also assume limq→∞ θ̄v
′(q) < c: “Smallest” marginal willingness to pay less than marginal

cost.

As before, we can define a mechanism to be an extensive form game with terminal nodes
that specify q and the transfer.

Definition. A direct mechanism consists of functions q, t, q : [θ, θ̄]→ R, t : [θ, θ̄]→ R.

Revelation principle holds. It has the same proof. It shows that we can convert any mecha-
nism to a direct incentive compatible one. We also have a similar characterization of IR and
IC.
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Lemma 2.1 IC mechanism is IR if and only if t(θ) ≤ θv(q(θ)). (q, t) IC if and only if

• q increasing

• For every θ ∈ [θ, θ̄], t(θ) = θv(q(θ))−
∫ θ
v(q(x))dx− u(θ).

Proof: The same. Check it at home. QED

Also, similar to before, to maximize revenue, we have u(θ) = 0.

We also have the similar (but not same) formula for expected revenue.

Lemma 2.2 Expected revenue =
∫
v(q(θ))(θ − 1−F (θ)

f(θ)
)f(θ)dθ − u(θ).

Proof: Revenue is∫
θv(q(θ))f(θ)dθ −

∫ ∫ θ

v(q(x))dxf(θ)d(θ)− u(θ)

By integration by parts, the second part is

=

∫ ∫ θ

v(q(x))dxf(θ)dθ

=

∫
v(q(θ))(1− F (θ))dθ.

So expected revenue is∫
v(q(θ))(θ − 1− F (θ)

f(θ)
)f(θ)dθ − u(θ)

QED

Lemma 2.3 Profit is ∫
[v(q(θ))(θ − 1− F (θ)

f(θ)
)− cq(θ)]f(θ)dθ.

We refer to v(q(θ))(θ − 1−F (θ)
f(θ)

)− cq(θ) as “virtual surplus”. Why?

Compare to actual surplus v(q(θ))θ − cq(θ).

Note the virtual surplus is less than actual surplus because the agent receives information
rent.

Ignore the monotonicity constraint. What would seller do? For a given θ, the seller would
like to choose q to maximize

v(q)(θ − 1− F (θ)

f(θ)
)− cq.

The first order condition is

v′(q)(θ − 1− F (θ)

f(θ)
)− c = 0.

So
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• If (θ − 1−F (θ)
f(θ)

) ≤ 0, then q(θ) = 0.

• If (θ − 1−F (θ)
f(θ)

) > 0 and v′(0)(θ − 1−F (θ)
f(θ)

) ≤ c, then q(θ) = 0.

• If (θ − 1−F (θ)
f(θ)

) > 0 and v′(0)(θ − 1−F (θ)
f(θ)

) > c, then unique optimal q, it satisfies

v′(q)(θ − 1−F (θ)
f(θ)

) = c.

If q defined above is increasing then it must be the answer.

Lemma 2.4 If θ− 1−F (θ)
f(θ)

increasing (distribution is regular) in θ, then q identified above is
increasing.

A sufficient condition is that 1−F (θ)
f(θ)

is decreasing, equivalently f(θ)
1−F (θ)

is increasing. Called
monotone hazard rate. The probability of dying at time θ, conditioned on having survived
until θ.

Properties of optimal mechanisms.

• When θ = θ̄, v′(q(θ̄)) = c. This quantity maximizes surplus. “First best” quantity.
“No distortion at the top”.

• For θ < θ̄: optimal quantity less than surplus maximizing quantity. “supplied quantity
distorted downwards”.

• The optimal mechanism is no longer simply to post a price. What would a poster
pricing mechanism even look like?

2.1 Further discussion

Notice that in the setting above, a mechanism specifies a deterministic quantity for each
type. Can the seller benefit from randomization? Show that the answer is no.

But here is an example that shows that in a setting where the buyer may want multiple
units, randomization may be optimal!

Suppose that the seller has a single product, and the buyer demands at most 3 units of the
product. There are 3 types of the buyer, each with equal probability. Type θ1 has values
(1, 2, 3) for 1, 2, 3 units, respectively. Type θ2 has values (1, 2, 2), and type θ3 has values
(6, 6, 6). The optimal deterministic mechanism is q(θ1) = q(θ3) = 2, t(θ1) = t(θ3) = 2,
q(θ2) = 3 and t(θ3) = 3. The expected revenue is 7/3. Can you find a randomize mechanism
that does better?

See example 1 in [Devanur et al., 2020] for the answer. What do you think derives the
difference in the two models?
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